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Abstract
Two formulas are introduced to directly obtain new conservation laws for any system of partial differ-
ential equations from a known conservation law and admitted symmetries. The first formula maps any
conservation law of a given system to the corresponding conservation law of the system obtained through
a contact transformation. When the contact transformation is a symmetry of the given system, then the cor-
responding conservation law is a conservation law of the given system. The second formula checks a priori
whether or not the action of a symmetry (continuous or discrete) on a conservation law can yield one or
more new conservation laws of the given system. Several examples are considered, including the use of a
discrete symmetry to obtain a new conservation law and the use of a continuous symmetry to generate two
new conservation laws.
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In this paper, we derive two formulas related to obtaining new conservation laws from known
conservation laws through the action of a contact transformation. The first formula shows how to
use any contact transformation, including a discrete one, that maps a given system of differential
equations to another system to directly obtain a conservation law of the second system from any
known conservation law of the given system. The situation is particularly interesting when the
contact transformation is an admitted symmetry transformation of the given system since here
one could obtain new conservation laws from a given conservation law. The second formula
allows one to check a priori whether or not an admitted contact symmetry transformation yields
a new conservation law of the given system. No differential consequences of the given system
are used in our formulas.
Consider a system of M partial differential equations (PDEs) with N dependent variables
u = (u1, u2, . . . , uN) and n independent variables x = (x1, x2, . . . , xn),
Gα[u] = Gα
(
x,u, ∂xu, . . . , ∂
m
x u
)= 0, α = 1, . . . ,M (1.1)
with x derivatives of u up to some order m. We let ∂xu, ∂2xu, etc. denote all derivatives of uσ
of a given order with respect to xi . We let U = (U1,U2, . . . ,UN) denote arbitrary functions
of the independent variables x and denote partial derivatives ∂/∂xi by subscripts i, i.e., Uσi =
∂Uσ /∂xi , U
σ
ij = ∂2Uσ/∂xixj , etc. Corresponding total derivatives are denoted by
Di = ∂
∂xi
+Uσi
∂
∂Uσ
+Uσij
∂
∂Uσj
+ · · · +Uσii1i2···il
∂
∂Uσi1i2···il
+ · · · .
We let F [U ] denote a function depending on x, U and derivatives of U with respect to x.
Throughout this paper we use the summation convention for any repeated indices.
Definition 1. A local conservation law of PDE system (1.1) is a divergence expression
DiΦ
i[u] = 0, (1.2)
holding for all solutions u(x) of (1.1); Φi[u] are called the conserved densities.
All nontrivial local conservation laws of any system of PDEs expressed in a standard Cauchy–
Kovalevskaya form arise from multipliers (factors, characteristics) on the system of PDEs (1.1)
[2–7,15]. For the rest of this paper, we assume that PDE system (1.1) has Cauchy–Kovalevskaya
form [5].
Definition 2. Multipliers for PDE system (1.1) are a set of functions {Λα[U ]} satisfying
Λα[U ]Gα[U ] = DiΦi[U ] (1.3)
for some functions {Φi[U ]}.
If Uσ = uσ (x) is a solution of PDE system (1.1), then from (1.3) we obtain the conservation
law
DiΦ
i[u] = 0 (1.4)
of system (1.1).
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the direct construction method presented in [1–6] yields the multipliers and formulas for the cor-
responding conservation laws. These algorithms do not require the use of a variational principle
(as is the case for Noether’s theorem) and hold when no variational principle exists. In particular,
{Λα[U ]} yields a set of multipliers for a conservation law of system (1.1) if and only if each
Euler operator
EUσ = ∂
∂Uσ
−Di ∂
∂Uσi
+DiDj ∂
∂Uσij
+ · · ·
annihilates the left-hand side of (1.3), i.e.,
EUσ
(
Λα[U ]Gα[U ]
)≡ 0, σ = 1, . . . ,N, (1.5)
for arbitrary Uσ ,Uσi ,Uσij , . . . , etc. [2–6,15].
Condition (1.5) can be split with respect to Gα[U ] and its differential consequences to yield a
set of over-determined linear homogeneous PDEs called the determining system (adjoint invari-
ance conditions) for multipliers Λα[U ] (see [5]). This determining system includes the adjoint
of the determining system for symmetries of system (1.1). If system (1.1) is self-adjoint, i.e.,
system (1.1) has a Lagrangian formulation, then its multipliers are generators of its admitted
continuous symmetries (point, contact, higher order) in evolutionary form subject to extra con-
ditions. For any solution {Λα[U ]} of the determining system (1.5), one can directly construct the
corresponding conserved densities Φj [u] through an integral formula (see [2–6]).
In the existing literature [9,15,16], it is shown how to obtain a conservation law from a known
conservation law through the action of the infinitesimal generator of an admitted continuous
symmetry (in evolutionary (characteristic) form [6,7,9,15,16]) on the given conservation law.
Here it is necessary to use differential consequences of the given system even in the case when
the symmetry is equivalent to a point symmetry or contact symmetry. A priori one is unable to
determine whether or not a new conservation law is obtained. Usually, a new conservation law is
not obtained. Moreover, since the approach in these works depends on the infinitesimal form of
a symmetry, it is not applicable for admitted discrete symmetries.
In Section 2, we investigate the action of a contact transformation on a known conservation
law of a given system (1.1). We prove that for any contact transformation relating two systems
of PDEs, there is a corresponding mapping between their conservation laws. More importantly,
we derive our first formula that gives the explicit expressions for constructing the corresponding
conserved densities. In Section 3, we consider our first formula when the contact transformation
is a symmetry transformation of a given system of PDEs. Here a conservation law of a given
system is mapped to a conservation law of the same system. We derive our second formula that
uses the action of an admitted symmetry transformation on the multipliers of a known conser-
vation law to construct the multipliers of another conservation law. This allows one to check a
priori whether or not a new conservation law is obtained under the action of a symmetry trans-
formation. We also show that an admitted one-parameter contact symmetry transformation could
yield more than one new conservation law. Novel examples are considered in Section 4. We use
our second formula to find new conservation laws of nonlinear telegraph systems from known
ones. We illustrate the use of discrete symmetries to find new conservation laws as well as give
an example where one obtains two new conservation laws from an admitted one-parameter point
transformation. Finally, we use our first formula to find conservation laws of the cylindrical
Korteweg–de Vries (cKdV) equation from known conservation laws of the Korteweg–de Vries
(KdV) equation. Concluding remarks are presented in Section 5.
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Consider an invertible contact transformation [7,16] acting on (x˜, U˜ , ∂x˜ U˜)-space:
xi = xi(x˜, U˜ , ∂x˜ U˜), i = 1, . . . , n,
Uσ = Uσ (x˜, U˜ , ∂x˜ U˜), σ = 1, . . . ,N,
Uσi = Uσi (x˜, U˜ , ∂x˜ U˜) (2.1)
with Uσi given by the formula⎡
⎢⎢⎣
Uσ1
Uσ2
...
Uσn
⎤
⎥⎥⎦=A−1[U˜ ]
⎡
⎢⎢⎣
D˜1Uσ
D˜2Uσ
...
D˜nU
σ
⎤
⎥⎥⎦ (2.2)
in terms of the inverse of the Jacobian matrix of the independent variables xi in (2.1) given by
A[U˜ ] =
⎡
⎢⎢⎣
D˜1x1 D˜1x2 · · · D˜1xn
D˜2x1 D˜2x2 · · · D˜2xn
...
...
...
...
D˜nx1 D˜nx2 · · · D˜nxn
⎤
⎥⎥⎦ (2.3)
and the total derivative operators
D˜i = ∂
∂x˜i
+ U˜σi
∂
∂U˜σ
+ U˜σij
∂
∂U˜σj
+ · · · + U˜σii1i2···il
∂
∂U˜σi1i2···il
+ · · ·
with respect to the independent variables x˜i . Here U˜ = (U˜1, . . . , U˜N ) denotes arbitrary functions
of the independent variables x˜ = (x˜1, . . . , x˜n); U˜σi = ∂U˜σ /∂x˜i , U˜σij = ∂2U˜σ /∂x˜i x˜j , etc; and
∂k
x˜
U˜ denotes all kth order partial derivatives of U˜σ with respect to x˜i .
The contact transformation (2.1) naturally extends to (x˜, U˜ , ∂x˜ U˜ , . . . , ∂kx˜ U˜)-space:
xi = xi(x˜, U˜ , ∂x˜ U˜),
Uσ = Uσ (x˜, U˜ , ∂x˜ U˜),
Uσi = Uσi (x˜, U˜ , ∂x˜ U˜),
...
Uσi1···ik = Uσi1···ik
(
x˜, U˜ , ∂x˜ U˜ , . . . , ∂
k
x˜ U˜
)
, (2.4)
with the components of ∂kxU , k  2, determined by the recursion formula⎡
⎢⎢⎢⎣
Uσi1···ik−11
Uσi1···ik−12
...
Uσi1···ik−1n
⎤
⎥⎥⎥⎦=A−1[U˜ ]
⎡
⎢⎢⎢⎣
D˜1U
σ
i1···ik−1
D˜2U
σ
i1···ik−1
...
D˜nU
σ
i1···ik−1
⎤
⎥⎥⎥⎦ ,
il = 1,2, . . . , n for l = 1,2, . . . , k− 1; Uσi is determined by (2.2). A contact transformation (2.1)
is a point transformation if xi and Uσ have no essential dependence on ∂x˜ U˜ . If N > 1, then a
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are given in [7]; point transformations are discussed in [6,7,16].
Under a contact transformation (2.1), a function Gα[U ] is mapped to some function Hα[U˜ ].
In particular,
Hα[U˜ ] = Gα[U ] (2.5)
after the coordinates of Gα[U ] are expressed in terms of (2.4). If Uσ = uσ (x) solves PDE sys-
tem (1.1), then correspondingly U˜σ = u˜σ (x˜) solves PDE system
Hα[u˜] = 0, (2.6)
in terms of dependent variables u˜σ (x˜) and independent variables x˜i .
Now we present our first formula that relates conservation laws of PDE systems (1.1)
and (2.6).
Theorem 1. Suppose (1.4) is a conservation law of PDE system (1.1). Under the contact trans-
formation (2.1), there exist functions Ψ i[U˜ ] such that
J [U˜ ]DiΦi[U ] = D˜iΨ i[U˜ ] (2.7)
where Ψ i[U˜ ] is given explicitly in terms of the determinant obtained through replacing the ith
row of the Jacobian determinant (see (2.3))
J [U˜ ] = D(x1, . . . , xn)
D(x˜1, . . . , x˜n)
= detA[U˜ ] (2.8)
by [Φ1[U ],Φ2[U ], . . . ,Φn[U ]], i.e.
Ψ i1[U˜ ] = ±
∣∣∣∣∣∣∣∣
Φ1[U ] Φ2[U ] · · · Φn[U ]
D˜i2x1 D˜i2x2 · · · D˜i2xn
...
...
...
...
D˜inx1 D˜inx2 · · · D˜inxn
∣∣∣∣∣∣∣∣
(2.9)
where (i1, i2, . . . , in) denotes all cyclic permutations of the indices 1,2, . . . , n and the ± sign
is chosen according to whether the permutation has even or odd order, i.e. (i1, i2, . . . , in) =
(1,2, . . . , n), (2,3, . . . ,1), . . . , (n,1, . . . , n − 1) are alternately even and odd. The coordinates
of Φi[U ] in (2.9) are expressed in terms of (2.4).
Proof. Let Ai1ik denote the determinant obtained by taking the derivative D˜i1 of each term in
the ik th (k = 1) row of determinant (2.9); let Bi1 denote the determinant obtained by taking the
derivative D˜i1 of each term in the first row of determinant (2.9). In particular,
Ai1ik = ±
∣∣∣∣∣∣∣∣∣∣∣∣
Φ1[U ] Φ2[U ] · · · Φn[U ]
D˜i2x1 D˜i2x2 · · · D˜i2xn· · · · · · · · · · · ·
D˜i1D˜ik x1 D˜i1D˜ik x2 · · · D˜i1D˜ik xn
...
...
...
...
D˜inx1 D˜inx2 · · · D˜inxn
∣∣∣∣∣∣∣∣∣∣∣∣
, (2.10)
Bi1 = ±
∣∣∣∣∣∣∣∣
D˜i1Φ
1[U ] D˜i1Φ2[U ] · · · D˜i1Φn[U ]
D˜i2x1 D˜i2x2 · · · D˜i2xn
...
...
...
...
˜ ˜ ˜
∣∣∣∣∣∣∣∣
. (2.11)Dinx1 Dinx2 · · · Dinxn
238 G. Bluman et al. / J. Math. Anal. Appl. 322 (2006) 233–250By direct computation, one can show that
D˜iΨ
i[U˜ ] =
n∑
j=1
Bj +
n−1∑
i=1
n∑
j=i+1
(Aij +Aji). (2.12)
In (2.12), the determinants Aij and Aji cancel each other out since their respective rows are
odd permutations of each other. Hence (2.12) reduces to
D˜iΨ
i[U˜ ] =
n∑
j=1
Bj . (2.13)
Let ξij denote the cofactor of D˜j xi for the matrix A[U˜ ] given by (2.3). Then (2.13) becomes
D˜iΨ
i[U˜ ] = (D˜jΦi[U ])ξij . (2.14)
Using the chain rule, we have D˜jΦi[U ] = (DkΦi[U ])(D˜j xk). Thus (2.14) becomes
D˜iΨ
i[U˜ ] = (DkΦi[U ])(D˜j xk)ξij . (2.15)
But (D˜j xk)ξij = δik detA[U˜ ] = δikJ [U˜ ], where δik is the Kronecker symbol: δii = 1, δik = 0
for i = k.
Consequently, (2.15) leads to J [U˜ ]DiΦi[U ] = D˜iΨ i[U˜ ]. 
From Theorem 1, we immediately obtain the following result.
Corollary 1. Under a contact transformation (2.1), a conservation law (1.4) for PDE sys-
tem (1.1) is mapped to the conservation law
D˜iΨ
i[u˜] = 0 (2.16)
for PDE system (2.6) with conserved densities Ψ i[u˜] given by (2.9) for any U˜σ = u˜σ (x˜) solving
PDE system (2.6).
3. Action of a symmetry transformation on a conservation law to yield new conservation
laws
In this section we restrict our attention to the most important special case where the contact
transformation (2.1) is a symmetry of PDE system (1.1). We show that the action of a symmetry
transformation on a conservation law of PDE system (1.1) can yield new conservation laws
of (1.1). Since any contact transformation that is given by a symmetry of PDE system (1.1)
leaves invariant the solution set of (1.1), there exist specific functions Aβα[U˜ ] such that (2.5)
becomes
Gα[U ] = Hα[U˜ ] = Aβα[U˜ ]Gβ [U˜ ]. (3.1)
Hence through formulas (2.7) and (2.9), we obtain:
Corollary 2. If (2.1) is a symmetry transformation of PDE system (1.1), then conservation
law (1.4) of system (1.1) is mapped to a conservation law
DiΨ
i[u] = 0 (3.2)
of system (1.1) with conserved densities Ψ i[u] where Ψ i[U˜ ] is defined by (2.9).
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Hence Hα[u] = 0 for any solution Uσ = uσ (x) of PDE system (1.1). Consequently, from Corol-
lary 1, we obtain (3.2) with Ψ i[u] given by formula (2.9) after replacing x˜i by xi , U˜σ by uσ , U˜σi
by uσi , etc. 
Corollary 2 shows that the action of a contact symmetry transformation (2.1) on a conserva-
tion law (1.4) of PDE system (1.1) yields the conservation law (3.2) of (1.1) through our first
formula (2.9). Now through Theorem 2 we present our second formula that allows one to check
a priori whether or not the action of a symmetry transformation (2.1) on a conservation law (1.4)
yields new conservation laws (3.2) of PDE system (1.1). In particular, a new conservation law
is obtained from a known conservation law if the action of a symmetry transformation on a set
of multipliers {Λα[U ]} of a known conservation law yields a nontrivial new set of multipliers
{Λˆα[U ]}.
Theorem 2. Suppose the contact transformation (2.1) is a symmetry of PDE system (1.1). If
{Λα[U ]} is a set of multipliers for a conservation law of PDE system (1.1) with conserved den-
sities Φi[u], then
Λˆβ [U˜ ]Gβ [U˜ ] = D˜iΨ i[U˜ ] (3.3)
where
Λˆβ [U˜ ] = J [U˜ ]Aβα[U˜ ]Λα[U ], β = 1, . . . ,M, (3.4)
with the coordinates of Λα[U ] expressed in terms of the extended transformation (2.4). In (3.3),
Ψ i[U˜ ] is given by (2.9) and, in (3.4), J [U˜ ] and Aβα[U˜ ] are given by (2.8) and (3.1), respectively.
Proof. Since the contact transformation (2.1) is a symmetry of PDE system (1.1), it follows that
(3.1) holds for arbitrary functions U˜ . Since {Λα[U ]} is a set of multipliers for a conservation law
of PDE system (1.1), the identity (1.3) holds for some functions {Φi[U ]} which yield conserved
densities {Φi[u]} of (1.1). After substituting (3.1) into (1.3), we obtain
DiΦ
i[U ] = Λα[U ]Gα[U ] = Λα[U ]Aβα[U˜ ]Gβ [U˜ ]. (3.5)
After multiplying (3.5) by J [U˜ ] and then using (2.7), we obtain
J [U˜ ]DiΦi[U ] = J [U˜ ]Λα[U ]Aβα[U˜ ]Gβ [U˜ ] = D˜iΨ i[U˜ ].
Hence
Λˆβ [U˜ ]Gβ [U˜ ] = D˜iΨ i[U˜ ] (3.6)
where Λˆβ [U˜ ] is given by (3.4). 
After replacing the coordinates x˜i by xi , U˜σ by Uσ , U˜σi by Uσi , etc., in (3.6), the following
corollary is immediately obvious.
Corollary 3. If {Λα[U ]} is a set of multipliers of PDE system (1.1) admitting a contact symmetry
transformation (2.1), then {Λˆβ [U ]} yields a set of multipliers of (1.1) where Λˆβ [U ] is given
by (3.4) after replacing x˜i by xi , U˜σ by Uσ , U˜σ by Uσ , etc.i i
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conservation law of PDE system (1.1).
Proposition 1. A set of multipliers {Λˆβ [U ]} yields a new conservation law of PDE system (1.1)
if and only if this set is nontrivial on all solutions U = u(x) of (1.1), i.e., Λˆβ [u] ≡ cΛβ [u],
β = 1, . . . ,M, for some constant c.
Proof. Two conservation laws of a PDE system are equivalent if their corresponding conserved
densities differ by a curl term DjΘij [u] on all solutions U = u(x) of the PDE system (where
Θij = −Θji ). For a PDE system in Cauchy–Kovalevskaya form, all equivalent conservation
laws have the same set of multipliers when the multipliers are restricted to solutions u(x) of
the PDE system (see [5]); so two multipliers are equivalent when they agree on all solutions
u(x). Namely, there is a one-to-one correspondence between nontrivial conservation laws (up to
equivalence) and nontrivial multipliers. This establishes the proposition. 
Formulas (2.9) and (3.4) use the global form of a symmetry transformation admitted by PDE
system (1.1) to yield a new conservation law of (1.1) from a known conservation law and thus
are applicable for admitted discrete symmetries. We now consider the situation when the contact
transformation (2.1) is a one-parameter (ε) Lie group of transformations admitted by PDE sys-
tem (1.1). Using the infinitesimal form of the group, we will show that it is possible to obtain
more than one new conservation law from a known conservation law.
A one-parameter (ε) Lie group of contact transformations [7,9,16]
xi = x˜i + εξi(x˜, U˜ , ∂x˜ U˜)+O
(
ε2
)
, i = 1, . . . , n,
Uσ = U˜σ + εησ (x˜, U˜ , ∂x˜ U˜)+O
(
ε2
)
, σ = 1, . . . ,N, (3.7)
acting on (x˜, U˜ , ∂x˜ U˜)-space, is represented by the extended infinitesimal generator
X˜ = ξj [U˜ ] ∂
∂x˜j
+ ησ [U˜ ] ∂
∂U˜σ
+ ησi [U˜ ]
∂
∂U˜σi
+ · · · + ησi1···ik [U˜ ]
∂
∂U˜σi1···ik
+ · · · (3.8)
with
ησi [U˜ ] = D˜iησ [U˜ ] −
(
D˜iξj [U˜ ]
)
U˜σj , i = 1, . . . , n,
ησi1...ik [U˜ ] = D˜ik ησi1...ik−1[U˜ ] −
(
D˜ik ξj [U˜ ]
)
U˜σi1···ik−1j , σ = 1, . . . ,N,
il = 1, . . . , n for l = 1, . . . , k, k  2.
In terms of the infinitesimal generator X˜, one has [7,15]
xi = exp(εX˜)x˜i , Uσ = exp(εX˜)U˜σ , Uσi = exp(εX˜)U˜σi , . . . . (3.9)
Let
X = ξj [U ] ∂
∂xj
+ ησ [U ] ∂
∂Uσ
+ ησi [U ]
∂
∂Uσi
+ · · · + ησi1···ik [U ]
∂
∂Uσi1···ik
+ · · · . (3.10)
Now suppose (3.7) is a one-parameter (ε) contact symmetry of PDE system (1.1). Then
XGα[U ] = aβα [U ]Gβ [U ] (3.11)
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XkGα[U ] =
(
aβα [U ]k
)
Gβ [U ] (3.12)
where aβα [U ]1 = aβα [U ] and, for k  1, aβα [U ]k+1 = Xaβα [U ]k + aγα [U ]kaβγ [U ].
Now let
J [U ; ε] =
∣∣∣∣∣∣∣∣∣
D1
(
exp(εX)x1
)
D1
(
exp(εX)x2
) · · · D1(exp(εX)xn)
D2
(
exp(εX)x1
)
D2
(
exp(εX)x2
) · · · D2(exp(εX)xn)
...
...
...
...
Dn
(
exp(εX)x1
)
Dn
(
exp(εX)x2
) · · · Dn(exp(εX)xn)
∣∣∣∣∣∣∣∣∣
(3.13)
and
Ψ i1[U ; ε] = ±
∣∣∣∣∣∣∣∣∣
exp(εX)
(
Φ1[U ]) exp(εX)(Φ2[U ]) · · · exp(εX)(Φn[U ])
Di2
(
exp(εX)x1
)
Di2
(
exp(εX)x2
) · · · Di2(exp(εX)xn)
...
...
...
...
Din
(
exp(εX)x1
)
Din
(
exp(εX)x2
) · · · Din(exp(εX)xn)
∣∣∣∣∣∣∣∣∣
(3.14)
where in (3.14), (i1, i2, . . . , in) has the same index notation as used for formula (2.9).
Theorem 3. Suppose (3.7) is one-parameter (ε) contact symmetry of PDE system (1.1). If
{Λα[U ]} is a set of multipliers for a known conservation law of PDE system (1.1) with con-
served densities {Φj [u]}, then,
Λˆβ [U ]p =
∑
n+k+l=p
1
n!k!l!
(
aβα [U ]l
)(
XkΛα[U ]) dn
dεn
J [U ; ε]
∣∣∣
ε=0, β = 1, . . . ,M, (3.15)
defines a set of multipliers for PDE system (1.1) with corresponding conserved densities
Ψ i[u]p = 1
p!
dp
dεp
Ψ i[u; ε]
∣∣∣
ε=0 (3.16)
for p = 0,1,2, . . . ; Λˆβ [U ]0 = Λβ [U ], Ψ i[u]0 = Φi[u], aβα [U ]0 = δαβ .
Proof. Since {Λα[U ]} is a set of multipliers for a known conservation law of PDE system (1.1)
with conserved densities {Φi[u]}, identity (1.3) holds for arbitrary functions U(x). Under a one-
parameter contact transformation (3.7), the relation (2.7) holds for arbitrary functions U(x) and
U˜(x˜) related by (3.7). Substituting (1.3) into (2.7), one obtains
J [U˜ ; ε]Λα[U ]Gα[U ] = D˜iΨ i[U˜ ; ε], (3.17)
where J [U˜ ; ε] and Ψ i[U˜ ; ε] are given by (3.13) and (3.14), respectively, with xi replaced by x˜i ,
Uσ by U˜σ , Uσi by U˜
σ
i , etc. Substituting (3.9) into (3.17), one gets
J [U˜ ; ε]Λα[exp(εX˜)U˜]Gα[exp(εX˜)U˜]= D˜iΨ i[U˜ ; ε]. (3.18)
After replacing x˜i by xi , U˜σ by Uσ , U˜σi by U
σ
i , etc. in (3.18), and using the group property
F [exp(εX)U ] = exp(εX)F [U ] for any function F [U ], one obtains
J [U ; ε](exp(εX)Λα[U ])(exp(εX)Gα[U ])= DiΨ i[U ; ε] (3.19)
where J [U ; ε] and Ψ i[U ; ε] are given by (3.13) and (3.14), respectively.
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J [U ; ε] =
∞∑
n=0
(
1
n!
dn
dεn
J [U ; ε]
∣∣∣
ε=0
)
εn, (3.20)
exp(εX)Λα[U ] =
∞∑
k=0
(
1
k!X
kΛα[U ]
)
εk, (3.21)
exp(εX)Gα[U ] =
∞∑
l=0
(
1
l!X
lGα[U ]
)
εl, (3.22)
Ψ i[U ; ε] =
∞∑
p=0
(
1
p!
dp
dεp
Ψ i[U ; ε]
∣∣∣
ε=0
)
εp. (3.23)
Then using (3.11) and (3.12), one sees that (3.22) becomes
∞∑
l=0
(
1
l!X
lGα[U ]
)
εl =
∞∑
l=0
(
1
l!a
β
α [U ]l
)
εlGβ [U ]. (3.24)
Substituting (3.20)–(3.24) into (3.19), one obtains
∞∑
p=0
εp
( ∑
n+k+l=p
1
n!k!l!a
β
α [U ]lXkΛα[U ]
dn
dεn
J [U ; ε]
∣∣∣
ε=0
)
Gβ [U ]
=
∞∑
p=0
εpDi
(
1
p!
dp
dεp
Ψ i[U ; ε]
∣∣∣
ε=0
)
(3.25)
for arbitrary functions U(x). Consequently, one has the sequence of conservation laws
(
Λˆβ [u]p
)
Gβ [u] = Di
(
1
p!
dp
dεp
Ψ i[u; ε]
∣∣∣
ε=0
)
= 0 (3.26)
where Λˆβ [U ]p is given by (3.15) for each power p = 0,1,2, . . . , obtained from the conserved
densities of the known conservation law (1.4) and the admitted symmetry (3.10). 
In the case of two independent variables x = (x1, x2) = (t, x) and two dependent variables
u = (u1, u2) = (u, v), we have
X = τ(x, t, u, v) ∂
∂t
+ ξ(x, t, u, v) ∂
∂x
+ η(x, t, u, v) ∂
∂u
+ φ(x, t, u, v) ∂
∂v
+ · · · ,
Dt = ∂
∂t
+ ut ∂
∂u
+ vt ∂
∂v
, Dx = ∂
∂x
+ ux ∂
∂u
+ vx ∂
∂v
. (3.27)
Thus for p = 1, we obtain
Λˆα[U ]1 = (Dtτ +Dxξ)Λα[U ] + XΛα[U ] + aαβ [U ]Λβ [U ], (3.28)
Ψ 1[U ]1 = XΦ1[U ] +Φ1[U ]Dxξ −Φ2[U ]Dxτ,
Ψ 2[U ]1 = XΦ2[U ] +Φ2[U ]Dtτ −Φ1[U ]Dtξ, (3.29)
and for p = 2, we obtain
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{[
DtXτ +DxXξ + 2(DtτDxξ −DtξDxτ)
]
Λα[U ]
+ 2(Dtτ +Dxξ)
[
XΛα[U ] + aαβ [U ]Λβ [U ]
]+ 2aαβ [U ]XΛβ [U ]
+ X2Λα[U ] +Λγ [U ](Xaαγ [U ] + aβγ [U ]aαβ [U ])}, (3.30)
Ψ 1[U ]2 = 12
{
X2Φ1[U ] + 2XΦ1[U ]Dxξ +Φ1[U ]DxXξ
−Φ2[U ]DxXτ − 2XΦ2[U ]Dxτ
}
,
Ψ 2[U ]2 = 12
{
X2Φ2[U ] + 2XΦ2[U ]Dtτ +Φ2[U ]DtXτ
−Φ1[U ]DtXξ − 2XΦ1[U ]Dtξ
}
, (3.31)
in terms of the set of multipliers {Λα[U ]} for a known conservation law with conserved densities
Φ1[u] and Φ2[u].
4. Examples
To illustrate our formulas, we consider three examples. For the sequel, x1 = t , x2 = x, u1 =
u(x, t), u2 = v(x, t), U1 = U(x, t), U2 = V (x, t), x˜1 = t˜ , x˜2 = x˜, u˜1 = u˜(x˜, t˜ ), u˜2 = v˜(x˜, t˜ )
and U˜1 = U˜ (x˜, t˜ ), U˜2 = V˜ (x, t).
Our first two examples consider nonlinear telegraph (NLT) systems of the form
G1[u] = vt − P(u)ux −Q(u) = 0, G2[u] = ut − vx = 0. (4.1)
Such NLT systems represent the equations of telegraphy of a two-conductor transmission line
and equation of motion of a hyperelastic homogeneous rod whose cross-sectional area varies
exponentially along the rod. For further details, see [8,11,12].
Our third example relates conservation laws of the KdV equation and the cylindrical KdV
equation.
4.1. Conservation laws of nonlinear telegraph systems
(1) First NLT system. One can show that NLT system (4.1) with P(u) = 2e2u − 1,Q(u) = eu,
i.e.,
G1[u] = vt −
(
2e2u − 1)ux − eu = 0, G2[u] = ut − vx = 0, (4.2)
has a conservation law with conserved densities
Φ1[u] = −2e− 12 (u+t/
√
2) cos
[
1
2
(
v + x + 2e
u
√
2
)]
,
Φ2[u] = 2e− 12 (u+t/
√
2)
(√
2eu cos
[
1
2
(
v + x + 2e
u
√
2
)]
− sin
[
1
2
(
v + x + 2e
u
√
2
)])
(4.3)
for any solution (u(x, t), v(x, t)) of NLT system (4.2). This conservation law generates its cor-
responding set of multipliers
Λ1[U ] = e− 12 (U+t/
√
2) sin
[
1
(
V + x + 2e
U
√
)]
,
2 2
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√
2)
(√
2eU sin
[
1
2
(
V + x + 2e
U
√
2
)]
+ cos
[
1
2
(
V + x + 2e
U
√
2
)])
. (4.4)
The NLT system (4.2) admits the discrete reflection symmetry
t = −t˜ , x = x˜, U = U˜ , V = −V˜ , (4.5)
and continuous symmetries (translations)
t = t˜ , x = x˜, U = U˜ , V = V˜ + ε (4.6)
for any solution U = u(x, t),V = v(x, t) of (4.2).
We show that the symmetries (4.5) and (4.6), applied to the known conservation law with
multipliers (4.4) and conserved densities (4.3), lead to three new conservation laws of NLT sys-
tem (4.2). We will use our second formula to show that the actions of the reflection symmetry
(4.5) and the translation symmetry (4.6), respectively, on this known conservation law, yield two
new conservation laws. Using again the action of the reflection symmetry (4.5) on the new con-
servation law obtained from the action of the translation symmetry (4.6), we will obtain a third
new conservation law of NLT system (4.2).
(I) Under the reflection symmetry (4.5), we have J [U˜ ] = −1, H1[U˜ ] = G1[U ] = G1[U˜ ],
H2[U˜ ] = G2[U ] = −G2[U˜ ]. Consequently, we obtain A11[U˜ ] = 1,A22[U˜ ] = −1,A21[U˜ ] =
A12[U˜ ] = 0 in (3.1). After applying the reflection symmetry (4.5) to the known conservation law
arising from the multipliers (4.4) with conserved densities (4.3), formula (3.4) and Corollary 3
yield new multipliers
Λˆ1[U ] = λ11[U ] = e− 12 (U−t/
√
2) sin
[
1
2
(
V − x + 2e
U
√
2
)]
,
Λˆ2[U ] = λ21[U ] = e− 12 (U−t/
√
2)
(
cos
[
1
2
(
V − x + 2e
U
√
2
)]
− √2eU sin
[
1
2
(
V − x + 2e
U
√
2
)])
.
Hence formula (2.9) yields a first new conservation law of NLT system (4.2) with conserved
densities
Ψ 1[u] = Φ11[u] = −2e− 12 (u−t/
√
2) cos
[
1
2
(
v − x + 2e
u
√
2
)]
,
Ψ 2[u] = Φ21[u] = −2e− 12 (u−t/
√
2)
(√
2eu cos
[
1
2
(
v − x + 2e
u
√
2
)]
+ sin
[
1
2
(
v − x + 2e
u
√
2
)])
.
(II) Under the translation symmetry (4.6), we have J [U˜ ] = 1, H1[U˜ ] = G1[U ] = G1[U˜ ],
H2[U˜ ] = G2[U ] = G2[U˜ ]. Consequently, we obtain A11[U˜ ] = 1,A22[U˜ ] = 1,A21[U˜ ] =
A12[U˜ ] = 0 in (3.1). After applying the translation symmetry (4.6) to the known conservation
law arising from the multipliers (4.4) with conserved densities (4.3), formula (3.4) and Corol-
lary 3 yield new multipliers
G. Bluman et al. / J. Math. Anal. Appl. 322 (2006) 233–250 245Λˆ1[U ] = λ12[U ] = e− 12 (U+t/
√
2) cos
[
1
2
(
V + x + 2e
U
√
2
)]
,
Λˆ2[U ] = λ22[U ] = e− 12 (U+t/
√
2)
(√
2 eU cos
[
1
2
(
V + x + 2e
U
√
2
)]
− sin
[
1
2
(
V + x + 2e
U
√
2
)])
. (4.7)
Hence from formula (2.9) we obtain a second new conservation law of NLT system (4.2) with
conserved densities
Ψ 1[u] = Φ12[u] = 2e− 12 (u+t/
√
2) sin
[
1
2
(
v + x + 2e
u
√
2
)]
,
Ψ 2[u] = Φ22[u] = −2e− 12 (u+t/
√
2)
(√
2eu sin
[
1
2
(
v + x + 2e
u
√
2
)]
+ cos
[
1
2
(
v + x + 2e
u
√
2
)])
. (4.8)
(III) After applying the reflection symmetry (4.5) to the known conservation law arising from
the set of multipliers {λ12[U ], λ22[U ]} given by (4.7) with corresponding conserved densities
{Φ12[u],Φ22[u]} given by (4.8), formula (3.4) and Corollary 3 yield new multipliers
λˆ12[U ] = λ13[U ] = −e− 12 (U−t/
√
2) cos
[
1
2
(
V − x + 2e
U
√
2
)]
,
λˆ22[U ] = λ23[U ] = e− 12 (U−t/
√
2)
(√
2eU cos
[
1
2
(
V − x + 2e
U
√
2
)]
+ sin
[
1
2
(
V − x + 2e
U
√
2
)])
.
Hence from formula (2.9) we obtain a third new conservation law with conserved densities
Ψ 12[u] = Φ13[u] = −2e− 12 (u−t/
√
2) sin
[
1
2
(
v − x + 2e
u
√
2
)]
,
Ψ 22[u] = Φ23[u] = 2e− 12 (u−t/
√
2)
(
cos
[
1
2
(
v − x + 2e
u
√
2
)]
− √2eu sin
[
1
2
(
v − x + 2e
u
√
2
)])
.
(2) Second NLT system. One can show that NLT system (4.1) with P(u) = sech2 u,Q(u) =
tanhu, i.e.,
G1[u] = vt − sech2 uux − tanhu = 0, G2[u] = ut − vx = 0, (4.9)
has a conservation law with conserved densities
Φ1[u] = ex
(
2tu− v
3
3
+ v(t2 + 2x − 2 log(coshu))
)
,
Φ2[u] = ex[(v2 − t2 − 2x + 2(1 + log(coshu))) tanhu− 2(vt + u)] (4.10)
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responding set of multipliers
Λ1[U ] = ex(2x + t2 − V 2 − 2 log(coshU)), Λ2[U ] = 2ex(t − V tanhU). (4.11)
The NLT system (4.9) admits the translation symmetry
t = t˜ + ε, x = x˜, U = U˜ , V = V˜ (4.12)
and the point symmetry [8] with infinitesimal generator
X = V ∂
∂t
+ tanhU ∂
∂x
+ ∂
∂U
+ t ∂
∂V
. (4.13)
We show that the continuous symmetries (4.12) and (4.13), applied to the known conservation
law with multipliers (4.11) and conserved densities (4.10), lead to three new conservation laws of
NLT system (4.9). Here we will use our second formula to show that the action of the translation
symmetry (4.12) on this known conservation law yields two new conservation laws from the
resulting O(ε) and O(ε2) terms, respectively. Then we will show that the action of the continuous
symmetry (4.13) on the new O(ε) conservation law yields a third new conservation law of NLT
system (4.9).
(I) Under the translation symmetry (4.12), we have J [U˜ ] = 1, H1[U˜ ] = G1[U ] = G1[U˜ ],
H2[U˜ ] = G2[U ] = G2[U˜ ]. Consequently, we obtain A11[U˜ ] = 1, A22[U˜ ] = 1, A21[U˜ ] =
A12[U˜ ] = 0 in (3.1). After applying the translation symmetry (4.12) to the known conserva-
tion law arising from the multipliers (4.11) with conserved densities (4.10), formula (3.4) leads
to
Λˆ1[U˜ ] = Λ1[U˜ ] + 2t˜ ex˜ε + ex˜ε2, Λˆ2[U˜ ] = Λ2[U˜ ] + 2ex˜ε. (4.14)
Then formula (2.9) yields
Ψ 1[U˜ ] = Φ1[U˜ ] + 2ex˜(t˜ V˜ + U˜ )ε + V˜ ex˜ε2,
Ψ 2[U˜ ] = Φ2[U˜ ] − 2ex˜(t˜ tanh U˜ + V˜ )ε − ex˜ tanh U˜ε2. (4.15)
From (4.11), we immediately see that the O(ε) and O(ε2) terms in (4.14) yield two new con-
servation laws of NLT system (4.9). In particular, the O(ε) terms in (4.14) and (4.15) yield new
multipliers
λ1[U ] = Λˆ1[U ]1 = tex, λ2[U ] = Λˆ2[U ]1 = ex, (4.16)
and conserved densities
φ1[u] = Ψ 1[u]1 = ex(tv + u), φ2[u] = Ψ 2[u]1 = −ex(t tanhu+ v); (4.17)
the O(ε2) terms in (4.14) and (4.15) yield the new multipliers and conserved densities
Λˆ1[U ]2 = ex, Λˆ2[U ]2 = 0, Ψ 1[u]2 = vex, Ψ 2[u]2 = −ex tanhu.
(II) Under the point symmetry (4.13), we have XG1[U ] = −(Vt +Ux sech2 U+ tanhU)G1[U ],
XG2[U ] = −(Vt +Ux sech2 U)G2[U ], and thus in (3.11), we have a11[U ] = −(Vt +Ux sech2 U+
tanhU), a21[U ] = a12[U ] = 0, a22[U ] = −(Vt + Ux sech2 U). We now apply the admitted point
symmetry (4.13) to the new O(ε) conservation law with conserved densities (4.17). Then in for-
mula (3.28) with Λ1[U ] = λ1[U ],Λ2[U ] = λ2[U ] given by (4.16), we have τ = V, ξ = tanhU ,
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third new set of multipliers
λˆ1[U ]1 = V ex, λˆ2[U ]1 = ex tanhU.
Hence formula (3.29) with Φ1[U ] = φ1[U ], Φ2[U ] = φ2[U ] given by (4.17), yields a third new
conservation law for NLT system (4.9) with conserved densities
φ1[u]1 = ex
(
1
2
v2 + log(coshu)
)
, φ2[u]1 = −vex tanhu.
4.2. Conservation laws of the cylindrical KdV equation
We now consider a third example to illustrate the application of our first formula (2.7) which
corresponds the conservation laws of two systems of PDEs that are related by a contact transfor-
mation. In particular, the point transformation [7,10,13]
t = − 2√
t˜
, x = x˜√
t˜
, U = t˜ U˜ − x˜
2
, (4.18)
maps the Korteweg–de Vries (KdV) equation
G1[u] = ut + uux + uxxx = 0 (4.19)
to the cylindrical KdV (cKdV) equation
H1[u˜] = u˜t˜ +
u˜
2t˜
+ u˜u˜x˜ + u˜x˜x˜x˜ = 0 (4.20)
since
H1[U˜ ] = 132 t
5G1[U ]. (4.21)
The cKdV equation (4.20) describes ring solitons on a shallow water surface [10,13] as well as
small amplitude cylindrically symmetric ion acoustic waves [10,14].
We now use formula (2.7) to map two known conservation laws of the KdV equation (4.19) to
the corresponding conservation laws of the cKdV equation (4.20). Since the conserved densities
of these two known conservation laws of the KdV equation (4.19) involve higher order deriv-
atives, it is necessary to compute the extended transformation (2.4) for (4.18). First of all, the
Jacobian matrix (2.3) of the independent variables (x, t) in (4.18) is given by
A[U˜ ] =
[
t˜− 32 − 12 x˜ t˜−
3
2
0 t˜− 12
]
(4.22)
Let
U1 = ∂U
∂x
, U2 = ∂
2U
∂x2
, U1t = ∂
2U
∂x∂t
, U2t = ∂
3U
∂x2∂t
,
U˜1 = ∂U˜
∂x˜
, U˜2 = ∂
2U˜
∂x˜2
, U˜1t˜ =
∂2U˜
∂x˜∂t˜
, U˜2t˜ =
∂3U˜
∂x˜2∂t˜
, etc.
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Unt = t˜ 12 (n+1)
[
t˜Dt˜D
n
x˜ +
1
2
nDnx˜ +
1
2
x˜Dn+1
x˜
](
t˜ U˜ − 1
2
x˜
)
,
Un = t˜ 12nDnx˜
(
t˜ U˜ − 1
2
x˜
)
, n = 1,2, . . . . (4.23)
(1) An elementary conservation law of the cKdV equation. The KdV equation (4.19) has an
obvious conservation law with conserved densities
Φ1[u] = u,Φ2[u] = 1
2
u2 + uxx. (4.24)
Applying formula (2.9) to the conservation law (4.24) of the KdV equation (4.19), we obtain
Ψ 1[U˜ ] =
∣∣∣∣Φ
1[U ] Φ2[U ]
0 t˜− 12
∣∣∣∣= t˜ 12 U˜ − 14Dx˜
(
x˜2√
t˜
)
, (4.25)
Ψ 2[U˜ ] =
∣∣∣∣∣
t˜− 32 − x˜2 t˜−
3
2
Φ1[U ] Φ2[U ]
∣∣∣∣∣= t˜
1
2
(
1
2
U˜2 + U˜x˜x˜
)
+ 1
4
Dt˜
(
x˜2√
t˜
)
(4.26)
which leads to the conservation law of the cKdV equation (4.20) with conserved densities
Ψ 1[u˜] = t˜ 12 u˜, Ψ 2[u˜] = t˜ 12
(
1
2
u˜2 + u˜x˜x˜
)
for any solution U˜ = u˜(x˜) of the cKdV equation (4.20).
(2) Higher order conservation law of the cKdV equation. Let uk = ∂uk/∂xk . The KdV equa-
tion (4.19) has the well-known conservation law [2,7] with conserved densities
Φ1[u] = − 1
120
u
(
5u3 + 60u21 + 60uu2 + 36u4
)
,
Φ2[u] = 1
60
[−2u5 − 84uu22 + u21(42u2 − 45u2)
+ u2
(−40u3 − 18u4 − 48u2u4 − u1(72uu3 − 18u5)− 18uu6)]. (4.27)
Applying formula (2.9) to (4.27), one obtains
Ψ 1[U˜ ] = 1
120
√
t˜
[(
t˜ U˜ − 1
2
x˜
)(
5
8
(x˜ − 2t˜ U˜ )3 − 15t˜ (1 − 2t˜ u˜1)2
+ 30t˜ 2(x˜ − 2t˜ U˜ )U˜2 − 36t˜ 3U˜4
)]
,
Ψ 2[U˜ ] = 1
240t˜ 3/2
{
1
16
(x˜ − 2t˜ U˜ )[(2t˜ U˜ − x˜)3(x˜ + 8t˜ U˜ )− 60t˜ (1 − 2t˜ U˜1)2(x˜ − 6t˜ U˜ )
+ 80t˜ 2(x˜ − 2t˜ U˜ )(x˜ − 8t˜ U˜ )U˜2 + 384t˜ 3
(
7t˜ U˜22 − 3(1 − 2t˜ U˜1)U˜3
)
− 96t˜ 3(5x˜ − 16t˜ U˜ )U˜4 + 576t˜ 4U˜6
]+ 6t˜ 3(1 − 2t˜ U˜1)(7(1 − 2t˜ U˜1)U˜2 − 6t˜ U˜5)
− 72t˜ 5U˜2U˜4
}
. (4.28)
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cKdV equation (4.20) and its differential consequences, one can show that
Ψ 1[u˜] = Ψˆ 1[u˜] +Dx˜K[u˜],
Ψ 2[u˜] = Ψˆ 2[u˜] −Dt˜K[u˜] (4.29)
where
K[u˜] = 3
20
t˜
5
2 (x˜ − 2t˜ u˜)u˜3 + x˜
2
1920
√
t˜
(
60t˜ − x˜ 3)
and the conserved densities are given by
Ψˆ 1[u˜] = − 1
240
√
t˜
[
5
(
6t˜ − x˜ 3 + 3t˜ x˜ 2u˜− 4t˜ 2x˜u˜2 + 2t˜ 3u˜3)u˜+ 60t˜ (2t˜ u˜− x˜)(t˜ u˜1 − 1)u˜1
+ 30t˜(x˜2 − 4t˜ x˜u˜+ 4t˜ 2u˜2)u˜2 + 36t˜ 2(1 − 2t˜ u˜1)u˜3],
Ψˆ 2[u˜] = 1
480
√
t˜
[(
60x˜ − 90t˜ u˜+ 5x˜3u˜− 20t˜ x˜2u˜2 + 30t˜ 2x˜u˜3 − 16t˜ 3u˜4)u˜
+ (84t˜ + 10x˜3 − 120t˜ x˜2u˜+ 360t˜ 2x˜u˜2 − 320t˜ 3u˜3 − 336t˜ 2u˜1 + 336t˜ 3u˜21)u˜2
+ 72t˜ 2(−u˜+ 2t˜ u˜u˜1 + 2t˜ u˜3)u˜3 − 12t˜
(
5x˜2 − 20t˜ x˜u˜+ 20t˜ 2u˜2 + 12t˜ 2u˜2
)
u˜4
− 30(x˜ − 6t˜ u˜)(x˜ − 2t˜ u˜)(t˜ u˜1 − 1)u˜1 + 120t˜ 2(x − 2t˜ u˜)u˜22 − 72t˜ 2(1 − 2t˜ u˜1)u˜5
]
.
5. Concluding remarks
In this paper, we have shown how to obtain new conservation laws from known conservation
laws when a system of PDEs admits a symmetry transformation. From the action of the symmetry
transformation on the set of multipliers yielding the known conservation law, we can determine a
priori whether or not a new conservation law is obtained. Since any conservation law of a system
of PDEs generates a corresponding set of multipliers, the starting point for applying our work
can be the conservation law itself as illustrated in our first two examples.
A symmetry
X = ξi[U ] ∂
∂xi
+ ησ [U ] ∂
∂Uσ
,
admitted by PDE system (1.1), must induce a symmetry
X = ξi[U ] ∂
∂xi
+ ησ [U ] ∂
∂Uσ
+ ρβ [Λ] ∂
∂Λβ
,
admitted by the system of determining equations (1.5) for multipliers. The system of linear deter-
mining equations to find the coefficients of X for the symmetries of the multiplier equations (1.5),
has as independent variables x,U ,Λ = (Λ1, . . . ,ΛM) and as dependent variables ξi[U ] (known
from X), ησ [U ] (known from X) and ρβ [Λ] (to be found). In principle, one could proceed and
directly solve these determining equations for the symmetries of the multiplier equations and, in
turn, laboriously do the computations to find the corresponding set of multipliers {Λˆβ [U ]} given
by (3.4). However, this would be a much more difficult way to find this set of multipliers than
the method presented in this paper.
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